General Comprehensive Exam  Spring 2012
Probability

Note: A table of distributions are given at the end.

Sufficient justifications are required for full credit.

1. (10 points) Let a random sample X7, ..., X,, follow a location-scale family distribution
with probability density function (pdf) 1g (23£) for some proper function g (). u is
the location parameter, ¢ is the scale parameter. Another random sample 7, ..., Z,
are 1.1.d. with pdf g (z), and the sampling distribution of sample mean Z, = % Yo 4
has pdf f (z). What is the pdf for X, = %Z?zl X7



2. (15 points) Two players, A and B, alternatively and independently flip a coin and the
first player to obtain a head wins. Suppose that P (head) = p and player A flips first.
What is the probability that A wins?



3. Suppose the distribution of ¥, conditional on X = z, is N (z, z*) and that the marginal
distribution of X is uniform(0, 1}.

e (7 points) Calculate Var (Y).

s (8 points) Calculate Cov (X,Y).



4. (15 points) Let X have uniform distribution on (—1,2). Find the pdf of ¥ = X?.



5. (15 points) Let X, ..., X, be a random sample from population distribution NV (6, 2.
The sample mean X, = % > . X;. Show that X,, converges in probability to .



6. (15 points) Suppose that X and Y have joint density function

x4y 02 <105y <1
! (z,y) w{ 0 otherwise '

Find P (X < 1/4]Y = 1/3).



7. (15 points) Let X ~ Poisson (A\) and ¥ ~ Poisson (1) and assume that X and ¥ are
independent. What is the distribution of X + Y7 Prove it.
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